
��
QCD�small-x�
��

���	
M1479024
��
�
��
������
��
������
���
������ 
!"

16#2$13%



��

parton�������	
��
����e-p��	�
��data���	������ 
!HERA
��"#��F2(x,Q2)�$�	%&'�

1.5 < Q2 < 5000 GeV2�x ' 10−5	()*+,$��-.kinematic range�/0!123���small-x
��e-p��	0,'�4�562789�:;�<=�review
�
!



��

�
1��� 2

�
2����	
 3

2.1��
���(DIS) . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.1 DIS process . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.2 Parton���QCD . . . . . . . . . . . . . . . . . . . 7

2.2 Factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 gluon�������. . . . . . . . . . . . . . . . . . 10

2.2.2 Altarelli-Parisi���. . . . . . . . . . . . . . . . . . 11

2.3
"#���NNLO��. . . . . . . . . . . . . . . . . . . . . . 13

�
3�Small-x����DIS 18

3.1 Regge 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2 QCD�!"#$%&��'
(,. . . . . . . . . . . . . . . 20

3.2.1);7*+Q2 → ∞, x→ 0 . . . . . . . . . . . . . . . 20

3.2.2 BFKL���. . . . . . . . . . . . . . . . . . . . . . . 22

3.3 Gluon saturation . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 BFKL
��

gluon saturation,. . . . . . . . . . . . . 28

3.3.2 Froissart bound
�

dipole-hadron��. . . . . . . . . 32

3.3.3-.2,�<=. . . . . . . . . . . . . . . . . . . . . . 35

�
4�/01023 37

1



�
1���

electron-hadron collider
�/0

HERA��.�7��hadron�"#����
��� 
!inclusive
.

lepton-hadron����	�$���hadron

�
�"#� ��
�
	*
'��� 
!�������
���
(DIS)
�����momentum transfer Q2 ∼ 5 GeV2�Bjorken x ≥ 0.1�����hadron
"#��

F2�scale
�����$�
����hadron
������&' ��
������!������neutrino�������

hadron
�

valence
(�

sea quark
��" !"',
�,#

Quark Parton

Model
�$%&'��!�"�parton&'�()*=��QCD (Quantum

Chromodynamics)
	�+'89!"
!QCD
��1970,-./��01	2
3��4��5%�67"�process (e+e− → hadron)8jet production	%�


total rate�!�	hadron
"#���scaling�9"��:;.-.�<=	89&',
!

1992,	HERA
�>?!"�"#��

F2(x,Q
2)�data
��x < 10−2�����x�@A	B#C,DE�F&�[19]!���#.'
(,��QCD

�);7*+	G,'HI!"
!&�&.���Altarelli-Parisi���8
BFKL��#.QCD�linear
.�������#&�J6� ���
�K#��4&'4�����non-linear (parton recombination)
�&'�L

.MN��O	PQ�
��K#�������.,!!�	�Q2
�R�

7.
hadron scale O(1 GeV2)
����DE�P��
��K#�S3��+�T&.,!UVW�Regge 2��small Q2���F2
�
x����&'

flat
	'
(#!X	HERA
���Q2 > 103 GeV2�Bjorken x < 10−4	2
�Y=�-.kinematic range
�+�+',
!�#&'�small-x
	GZ


quark-gluon
()*=�[\��HERA
����.]̂�_0� 
!

1[\��56QCD
	̀a,��small Bjorken-x
	GZ


parton�����);7'
(,	b�
review
� 
!" �c
�dT� 
!e

2f��parton model
�

QCD
	0,'�g�
!e3f���QCD�);7'
(,	0,'�g&�dipole model
�U	4�:;�<=	h"�4

�i 7jk��
!:l	�3�
�e4f�6#!
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�
2������

56
QCD�<����DIS
	GZ


scaling�9"�$��
�������
!!"#$%&��X��hadron����	�=,
���� 2��	�
5��
�Z�.��parton��6
�����
��
��S��
!��f���3�2.1��e-p�DIS process
(�

’naive’parton

model
	0,'���
!2.2���QCD
�

parton model�scale���K��#	�<&�4&'scaling�9"�562�K��#	��!"

�����
!��	massless
;��56����;,����7T00 
�splitting function
	GZ


3loop (NNLO)
3�� 2����2�
!

2.1���
�� 

(DIS)
������ep���
����hadron!��parton"#	%&'�K
��#.�$��V',
��%��
!
2.1.1 DIS process
!"#$%&lepton�&7hadron
	�
���jV
!'�(���l

�lepton�()�6
�4"*"kµ�k′µ�&7hadron(
c
+��,#

)
(�-.!"


virtual photon�()�6
�4"*"pµ�qµ = kµ − k′µ
�

�

(/2.1)!

/2.1: Deep inelastic sharged lepton-hadron scattering
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��������	G,'&�7	=,�"
����
Q2 = −q2

M2 = p2

ν = p · q = M(E −E′)

x =
Q2

2ν
=

Q2

2M (E −E′)

y =
p · q

p · k
= 1 −

E′

E
(2.1)

����M�+���
� 
!"#��Fi

���virtual photon��6
��#	�&'
target�"#�parametrize
&��x�Q2���� 
!

e-p����		��.V'���
��
d2σ

dxdy
=

8πα2ME

Q2

[

(
1 + (1 − y)2

2
)2xF1

+(1 − y)(F2 − 2xF1) − (M/2E)xyF2

]

(2.2)

p → ∞�infinite momentum frame pµ ≈ (P, 0, 0, P )�P � M
��;�

7	�

d2σ

dxdQ2
=

4πα2

Q4

[

(1 + (1 − y)2)F1 +
(1 − y)

x
(F2 − 2xF1)

]

(2.3)

� $�
���frame
���hadron��
�����
�!c	��6


pµ
q = ξpµ�
�eq

�/+�parton
	b&'

parton level
������	�K��#	89��
�jV
!process e−(k) + q(pq) → e−(k′) + q(p′q)
	

%�
��'*�2���
∑

| M |= 2e2qe
4 ŝ

2 + û2

t̂2
(2.4)

����∑�
(�)���colour
�

spin
	b�
��� T�̂s, t̂, û�

parton level
��2���process
	%�


Mandelstam
��� 
!���N�=,"W�

d2σ̂

dxdQ2
=

4πα2

Q4
[(1 + (1 − y)2]

1

2
e2qδ(x− ξ) (2.5)

���"
!���on-shell���

p
′2
q = (pq + q)2 = q2 + 2pq · q = −2p · q(x− ξ) = 0 (2.6)

��+�!(2.3)
�

(2.5)
����"W�

F̂2 = xe2qδ(x− ξ) = 2xF̂1 (2.7)
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�"��probe-lepton
�

fraction ξ = x
�/+�&7parton
��,����F��
!!'���/2.1

	�+'��� 2��K��#	���N��-!"
���',�#!����	%�
��'*��
A = eū(k′)γαu(k)

1

q2
〈X |jα(0)|P 〉 (2.8)

����jα
�

electromagnetic current
� 
!photon�����	%&'

hadron��current
��	
."#�/+',
�
hadron tensor Wαβ

�G,'
parametrize
�"W�lepton tensor Lαβ

�=,'��	�
d2σ

dxdy
∝ LαβW

αβ (2.9)

lepton tensor
�

QED
�T����'�

Lαβ = e2Tr[k/′γαk/γβ] = 4e2(kαk
′
β + kβk

′
α − gαβk · k′) (2.10)

hadron tensor
��

Wαβ(p, q) =
1

4π

∑

X

〈P |j†β(0)|X〉〈X |jα(0)|P 〉(2π)4δ4(q + p− pX)

=
1

4π

∫

d4zeiqz〈P |j†β(z)jα(0)|P 〉

=
1

4π

∫

d4zeiqz〈P |[j†β(z), jα(0)]|P 〉 (2.11)

�.
!���N����	����	GZ

������=,�!3��
3
6�������i 7���j��"W���� 
!���current��P

q ·W = 0
���

Wαβ(p, q) = −(gαβ −
qαqβ

q2
)W1(x,Q

2) + (pα +
1

2x
qα)

×(pβ +
1

2x
qβ)W2(x,Q

2) (2.12)

(2.9)
��+'!�	(2.2)
����"W�

F1(x,Q
2) = W1(x,Q

2)

F2(x,Q
2) = νW2(x,Q

2) (2.13)

W�"#���
�
���Dc
��#	light-cone-vectors p, n(p·n = 1)��'�
!���4)vectork
��p, n�89��
!

kµ = apµ + bnµ + kµ
T (2.14)

����p2 = n2 = n · kT = p · kT = 0
� 
!

P µ = pµ +
M2

2
nµ

qµ = νnν + qν
T (2.15)
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����qν
T = −q2 = Q2� 
!��	proton
�
z���,�6�
infinite

momentum frame
���

pµ = (P, 0, 0, P )

nµ = (
1

2P
, 0, 0,−

1

2P
) (2.16)

�+'(2.12)�(2.15)
��+'��b����"
!
νnαnβWαβ = νW2 = F2 (2.17)

!'�photon
�

hadron!�parton
��
���7���/��	��!"
���hadron tensor
��

Wαβ(p, q) = e2q

∫

d4k

(2π)4
[γα(k/+ q/)γβ ]ij[B(k, p)]jiδ((k + q)2) (2.18)

����B������	�'*�/2.2�
����� T�’naive’ parton

model����virtuality k2�3��transverse momentum k2
T

�L�,����C�damp
�
�,#��� 
�
,.V"W

B�MN�����	�&�Z
�,#��
(2.22)
�!

/2.2: Handbag diagram

quark�4)vector k
��p, n(�transverse vector kT

�=,'�

kµ = ξpµ +
k2 + k2

T

2ξ
nµ + kµ

T (2.19)

’naive’ parton model����Tdelta
����

δ((k + q)2) = δ(k2 + 2ξν − 2qT · kT + q2)

≈ δ(2ξν −Q2) =
1

2ν
δ(ξ − x) (2.20)

�#&'�
νW2 ≡ F2 =

e2q
2

∫

d4k

(2π)4
[n/(k/+ q/n/)]ijBji(k, p)δ(ξ− x)
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= e2q

∫

d4k

(2π)4
[n/]ijBji(k, p)δ(ξ − x)

≡ e2qxq(x) (2.21)

���
quark������

q(x) =

∫

d4k

(2π)4
Tr[n/B(k, p)]δ(n · k − x) (2.22)

�V	�����
��"#�����)���x	scale
�
!

F2(x,Q
2) −→ F2(x) (2.23)

Bjorken limit (Q2, ν → ∞)
���"#���;�7	��scaling
	�#�

������"',

[1]!

2.1.2 Parton���QCD
����’naive’ parton model
�S���

scaling��N��QCD
��

Q2

�logarithms
�&'9"
!i 7	�quark
�

gluon
���&�4��	�
Z'L�.

transverse momentum kT

����
��	�
&',
!
�������one gluon emissionγ∗(q) + q(p) → g(r) + q(l)

	0,':�
��Feynman diagram(/2.3)
���&�scaling�9"�K��#	-"


���',���	�
!/2.3�process
�

4���diagram
	0,'j

�#!

/2.3: DIS,���
real gluon emission diagram

���Lorentz invariant phase space
��

dΦ2 =

∫

d4r

(2π)3
d4l

(2π)3
δ+(r2)δ+(l2)(2π)4δ4(p+ q − r − l) (2.24)

���
p, k
�4"*"

initial
G��

gluon��l�quark�!���6
�&�r = p− k, l = k + q
� 
!�V	�

dΦ2 =
1

4π2

∫

d4kδ+((p− k)2)δ+((k + q)2) (2.25)
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k
��p, n(�transverse vector kT

�=,'�

kµ = ξpµ +
k2

T − |k2|

2ξ
nµ + kµ

T

d4k =
dξ

2ξ
dk2d2kT (2.26)

�+'delta
����

(p− k)2 = (1 − ξ)
|k2|

ξ
−
k2

T

ξ

(k + q)2 = 2ξν −Q2 − |k2| − 2qT · kT (2.27)

cD��
phase space
��

dΦ2 =
1

16νπ2

∫

dξdk2dk2
Tdθδ(k

2
T − (1 − ξ)|k2|)

×δ(ξ − x−
|k2| + 2qT · kT

2ν
) (2.28)

��%<�
��'*��
Mα = −igeqū(l)γα 1

k/
ε/tAu(p) (2.29)

���
tA
�

colour matrix
� 
!spin
�

colour
	b&'���"W�

∑

| M |2αβ=
1

2
e2qg

2
∑

pol

CFTr[γ(k/+ q/)γαk/ε/p/ε/∗k/]
1

k4
(2.30)

real gluon�polarization
	b�
�����#	�
!

∑

pol

εµ(r)ε∗ν(r) = −gµν +
nµrν + nνrµ

n · r
(2.31)

/2.4: splitting function
	���


diagram(�/)�axial gauge
	�+'

��!"

diagram(�/)
����axial
�i 7�gauge n
��/2.4����diagram
���cross

section,��������#	�=!"',
��	���
!�"��
gluon��l�quark
����,#�/����diagram
�

Altarelli-Parisi
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�picture
���&',
!

(2.31)����projection n
��Z'4A���"W�

1

4π
nαnβ

∑

| M |2αβ=
8e2qαs

|k2|
ξP (ξ) (2.32)

���
P (ξ)
�

splitting function
�&'��"',
!�"����quark	%&'�6
�

ξ
�S+�quark
��quark!�	αs����PQ�
=$����
!

P (ξ) = CF
1 + ξ2

1 − ξ
(2.33)

k2
T

�
θ
	���6�"W�

F̂2 = e2q
αs

2π2

∫ 2ν

0

d|k2|

|k2|

∫ ξ+

ξ−

dξ
ξP (ξ)

√

(ξ+ − ξ)(ξ − ξ−)
(2.34)

����

ξ±(z, x) = x+ z − 2zx ±
√

4x(1 − x)z(1 − z) (2.35)

�&
z = |k2|/(2ν)
���&�!ξ ∼ ξ+, ξ ∼ ξ−
�;�	��,:SL�����
!3���L�.Q2��z → 0
�.7�

ξ± → x
� 
!�"��;��
����

∫ ξ+

ξ−

dξ
1

√

(ξ+ − ξ)(ξ − ξ−)
= π (2.36)

��VW�
F̂2 = e2q

αs

2π
xP (x)

∫ 2

κ2

ν
d|k2|

|k2|
= e2q

αs

2π
xP (x) ln(

2ν

κ2
) (2.37)

����
ˆ
��� 
���quark flavour
	GZ


structure
		��
��

����
!��(/(2.3))�
T�diagram
��+�����V
!�"�

4
0�diagram
�

leading order
������3�
"W�

F̂2(x,Q
2) = e2qx

[

δ(1 − x) +
αs

2π

(

P (x) ln
Q2

κ2
+ C(x)

)]

(2.38)

���
ln(2ν) = lnQ2 − lnx�b���+�!C(x)
��+���� 
!�.7���order

�%<�

quark������

q(x,Q2) = δ(1 − x) +
αs

2π

(

P (x) ln
Q2

κ2
+ C(x)

)

(2.39)

�&�����
�.�>��virtual gluon
������
3.Z"W.�.,��	���
!

lnQ2
�,#���-"����’naive’ parton model
	�
"#���scaling

��
�9"�������
!�.7��QCD
��

F2
�
x���� 
�&�	�3�Q2����S 
!�"�gluon���%�� 
!

9



2.2 Factorization
����������gluon�6���hadron�"#��	K#���
����7	%��
!

2.2.1 gluon�������
����N�=,"Whadron�"#����

F2(x,Q
2) = x

∑

q,q̄

e2q

∫ 1

x

dξ

ξ
q0(x)

[

δ
(

1 −
x

ξ

)

+
αs

2π
P
(x

ξ

)

ln
Q2

κ
+ · · ·

]

(2.40)

���
q0
�

(2.38)�̂F2
	-"
quark�’bare’distribution
� T��"	

�����B#
� 
!3�’· · ·’�!��order
������ 
!

���(
!�
�#	’factorization scale’ µ
��'&�’�T�3"�’�����&'

q(x, µ2)
����#	���
!q(x, µ2)
�4"	
�+.


� 
!

q(x, µ2) = q0(x) +
αs

2π

∫ 1

x

dξ

ξ
q0(ξ)P

(x

ξ

)

ln
µ2

κ
+ · · · (2.41)

�"�
q0
	0,'����

(2.40),-'&�αs���3��=�
��
F2(x,Q

2) = x
∑

q,q̄

e2q

∫ 1

x

dξ

ξ
q(ξ, µ2)

[

δ
(

1 −
x

ξ

)

+
αs

2π
P
(x

ξ

)

ln
Q2

µ2
+ · · ·

]

(2.42)

����q(x,Q2)
�C,()*=�long−distance������B#�
56���
��������V�"�Q2	GZ
F2�
���
�!"
!

/2.5: initial gluon
�b��


DIS

�����
�.89��V
�
	��process γ∗g → qq̄ (/2.5)
�

��O(αs)�
���
3.Z"W.�.,!�#&'(2.41)������

O(αs)
3�����#	��.V�"
!

q(x, µ2) = q0(x) +
αs

2π

∫ 1

x

dξ

ξ
q0(ξ)Pqq

(x

ξ

)

ln
µ2

κ

10



+
αs

2π

∫ 1

x

dξ

ξ
g0(ξ)Pqg

(x

ξ

)

ln
µ2

κ
+ · · · (2.43)

!'�factorization�����log�singularity
�� �
���10� 
��+�����T,#O	��T��scheme��P�S
�������	����� 
��	���
!�������	G,'�T7Z+�=,�"',


factorization scheme
	

DIS-scheme
��W"
��� 
!�"�����	GZ
��'�gluon
������quark�����	��!�
��� 
����h"
�!3��)<	
	B#��ln(4π)−γE����
����S	����	��!�
���MS scheme
�,#!�

�scheme
��"#����

F2(x,Q
2) = x

∑

q,q̄

e2q

∫ 1

x

dξ

ξ
q(ξ,Q2)

[

δ
(

1 −
x

ξ

)

+
αs

2π
CMS

q

(x

ξ

)

+ · · ·
]

+x
∑

q,q̄

e2q

∫ 1

x

dξ

ξ
g(ξ,Q2)

[αs

2π
CMS

g

(x

ξ

)

+ · · ·
]

(2.44)

���
Cq(x), Cg(x)
�

factorization
G���T��

scheme
	�P�
��

�������W"
!DIS-scheme
����'�non-leading order
���

������ 
!

2.2.2 Altarelli-Parisi
��!'�"#�����factorization scale t ≡ µ2	���.,�� 
!

,.V"W"#��

(2.42)
�
µ2�����"W��	.�.Z"W.�.,!�.7��

t
∂

∂t
q(x, t) =

αs(t)

2π

∫ 1

x

dξ

ξ
Pqq

(x

ξ
, αs(t)

)

q(ξ, t) (2.45)

�"�
Altarelli-Parisi����&'��"',
!���strong coupling

constant
�
t����&'�'!"',
��	���
!(2.45)
����	����T������	̀a,��T,,	�+'<�
!"
���

��h".,��	�
!coupling constant
	�
��

Pqq�
56����

Pqq(z, αs) = P (0)
qq (z) +

αs

2π
P (1)

qq (z) + · · · (2.46)!�	��7	Altarelli-Parisi����quark�antiquark�gluon
	GZ


�����6�����&'�
t
∂

∂t

(

qi(x, t)

g(x, t)

)

=
αs(t)

2π

∑

qj ,q̄j

∫ 1

x

dξ

ξ

×

(

Pqiqj
(x

ξ , αs(t)) Pqig(
x
ξ , αs(t))

Pgqj
(x

ξ , αs(t)) Pgg(
x
ξ , αs(t))

)(

qj(ξ, t)

g(ξ, t)

)

(2.47)
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leading-order
������[2]�

P (0)
qq (x) = CF

[ 1 + x2

(1 − x)+
+

3

2
δ(1 − x)

]

P (0)
qg (x) =

1

2

[

x2 + (1 − x)2
]

P (0)
gq (x) = CF

[1 + (1 − x)2

x

]

P (0)
gg (x) = 6

[1 − x

x
+

x

(1 − x)+
+ x(1 − x)

]

(2.48)

���
’+’
�
f
�.
��.�����&'���#	<	
�
!
∫ 1

0

dx
f(x)

(1 − x)+
=

∫ 1

0

dx
f(x) − f(1)

1 − x
(2.49)

next-leading-order
c	��������-.diagram����L.�
-�7

programme ”Schoonschip”
����!"
!

&W&W������������moment(Mellin
�.

)
���.V'	

-�
��� 
!
f(j, t) =

∫ 1

0

dx xj−1f(x, t) , f = qi, g (2.50)

����non-singlet����(flavour-non-singlet�singlet
	0,'���

��
)
��

t
∂

∂t
qNS(j, t) =

αs(t)

2π
γqq(j, αs(t))qNS(j, t) (2.51)

���
anomalous dimension γqq
�����V�"
!

γqq(j, αs) =

∫ 1

0

dx xj−1Pqq(x, αs) (2.52)

singlet����	0,'S&:	�
t
∂

∂t

(

Σ(j, t)

g(j, t)

)

=
αs(t)

2π

×

(

γqq(j, αs(t)) 2Nfγqg(j, αs(t))

γgq(j, αs(t)) γgg(j, αs(t))

)(

Σ(j, t)

g(j, t)

)

(2.53)

���#	moment
��
��	�+'�S�S���������	 +�

convolution
	����.		��.V�"���	���
!�#�

���������7.�T,,���	��
!

leading-order anomalous dimension�moment
�
j
	GZ
�P�	0,

'�(2.48)�(2.54)
�T�����
V
!anomalous dimension
��j = 1

�*�/��γqq , γgg
�L�.

j���ln j����
!!�	�γgq , γgg
�

12



j → 1
����
!�"�"#���small-x
��'
(,	%�
��.F�� T��"	0,'��f�9�
!

∫ 1

0

dx xj−1 1

x
=

1

j − 1
∫ 1

0

dx xj−1 1

(1 − x)+
= −

∫ 1

0

dx
xj−1 − 1

x− 1
∼ − ln j , for j → ∞

(2.54)

��������
��QCD
�

scaling�9"��
&�"#���Q2

�P����7	���
�����
! 
���Q2 = Q2
0

	GZ
"#
����V�"
��Altarelli-Parisi����=,'����Q2	%&'

q(x,Q2)
����
�����
!i 7	��quark
�

gluon��=��b�	�
()*=�����+�T���6
Q�virtual photon
	%&'

O(Q−1)
� 
!�+'�photon�4�size�parton

�()*=�
�jV�"
!4#�
���TL�.�6

(Q′)�photon
��T�!,

size�parton
�()*=�
��	.


!�#&'Q−1�size�parton
�TS!�	!��parton
��
���

��
!Q2��L��S	�Tsize��!,parton
��
���Bjorken

x��T�!.parton
����
!�"�scaling�9"���7	g�&
',


(/2.6)!

/2.6: Q2 < Q′2�b�. scaling�9"���7	 ���
.

2.3
���	


NNLO��

parton�����
�	G,'�Q2��G��!�56
� 2�����&'��3�+',
!;,three-loop splitting function���� !"'GT� 2���!�@����.���!"',
!
������:;�23[3][4]
��+'�non-singlet
G��

singlet
4"*"���	GZ
NNLO� 2������
!

�����non-singlet
G��

singlet����7��4"*"���#	�

13



�!"
!
qNS(x, µ2

f , µ
2
r) =

Nf
∑

i=1

(qi(x, µ
2
f , µ

2
r) − q̄i(x, µ

2
f , µ

2
r))

Σ(x, µ2
f , µ

2
r) =

Nf
∑

i=1

[qi(x, µ
2
f , µ

2
r) + q̄i(x, µ

2
f , µ

2
r)] (2.55)

���
µr�µf
�4"*"��T��G��factorization scale
� 
!���


parton
���'�V�7�"W�hadron�
����-��
�� 
!&��+'�Nv

�
valence quark���&'�quark
���PG���6
�P	�4"*"�

∫ 1

0

dx

Nf
∑

i=1

[qi(x) − q̄i(x)] = Nv

∫ 1

0

dxx

Nf
∑

i=1

[Σ(x) + g(x)] = 1 (2.56)

���
sea parton
�

quark· anti-quark
%�� T�hadron�
��	��

�&.,����	%�
�	�<&� $&',
��	���
��� 
!!'�non-singlet�����jV
��	�
!%<�
Altarelli-Parisi

�����

d

d lnµ2
f

qNS(x, µ2
f , µ

2
r) =

[

PNS

(

αs(µ
2
r),

µ2
f

µ2
r

)

⊗ qNS(µ2
f , µ

2
r)
]

(x) (2.57)

���
⊗
����	��Mellin convolution
�����
!

[a⊗ b](x) =

∫ 1

x

dy

y
a(y)b

(x

y

)

(2.58)

PNS�αs
	GZ


3
��order (NNLO)
3������
�
	��αs�

scale
�P���+',.Z"W �.,!-Q4"�4����3���"
','�

dαs

d lnµ2
r

= β(αs) = −
∑

l=0

αl+2
s βl (2.59)

�"�	�&'��.3�3��
"W�
αs(µ

2
f ) = αs(µ

2
r)
[

1 + αs(µ
2
r)β0 ln

µ2
r

µ2
f

+ α2
s(µ

2
r)
(

β1 ln
µ2

r

µ2
f

+ β2
0 ln2 µ

2
r

µ2
f

)]

(2.60)

���N�=,"WPNS�NNLO
3������

PNS

(

x, αs(µ
2
r),

µ2
f

µ2
r

)

= αs(µ
2
r)P

(0)
NS(x) + α2

s(µ
2
r)
(

P
(1)
NS − β0P

(0)
NS ln

µ2
f

µ2
r

)
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+α3
s(µ

2
r)
(

P
(2)
NS(x) − {β1P

(0)
NS(x) + 2β0P

(1)
NS(x)} ln

µ2
f

µ2
r

)

+β2
0P

(0)
NS(x)ln2

µ2
f

µ2
r

+ · · · (2.61)

3�
non-singlet
	GZ
"#����

F2,NS(x,Q2) =
[

CNS

(

αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

⊗ qNS(µ2
f , µ

2
r)
]

(x) (2.62)

�"�
lnµ2

f

���&'(2.61)
��VW����#	����C��

�����
!

CNS

(

x, αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

= δ(1 − x) + αs(µ
2
r)
(

c
(1)
NS(x) + P

(0)
NS(x) ln

Q2

µ2
f

)

+α2
s(µ

2
r)
(

c
(2)
NS(x) + {P

(1)
NS(x) + [P

(0)
NS(x) ⊗ c

(1)
NS](x)} ln

Q2

µ2
f

−β0c
(1)
NS(x)

Q2

µ2
r

+
1

2
{[P

(0)
NS ⊗ P

(0)
NS](x)− β0P

(0)
NS(x)}ln2Q

2

µ2
f

−β0P
(0)
NS(x) ln

Q2

µ2
f

ln
µ2

f

µ2
r

)

+ · · · (2.63)

�O����non-singlet�����scale
�P��dqNS/d lnµ2

f,�P (2)
NS�

NNLO
������x��	%&'GG�4�:	�αs = 0.2

�
Q2 ' 25 ∼

50GeV2)����2��	� 
!���<��hadron�"#	���


quark flavour����T7Zcharm quark���.�T,,�F��
!!'��	singlet����jV
!%<�
Altarelli-Parisi�����

t
∂

∂t

(

Σ(x, t)

g(x, t)

)

=
αs(t)

2π

∫ 1

x

dξ

ξ

×

(

Pqq(
x
ξ , αs(t)) 2NfPqg(

x
ξ , αs(t))

Pgq(
x
ξ , αs(t)) Pgg(

x
ξ , αs(t))

)(

Σ(ξ, t)

g(ξ, t)

)

(2.64)

����%<�
"#����
F2,S(x,Q2) =

[

Cq

(

αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

⊗ Σ(µ2
f , µ

2
r)

+Cg

(

αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

⊗ g(µ2
f , µ

2
r)
]

(x)

≡
[

C
(

αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

⊗ q(µ2
f , µ

2
r)
]

(x) (2.65)

��������

C
(

x, αs(µ
2
r),

Q2

µ2
f

,
µ2

f

µ2
r

)

= C(0)(x) + αs(µ
2
r)C

(1)
(

x,
Q2

µ2
f

)
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+α2
s(µ

2
r)C

(2)
(

x,
Q2

µ2
f

,
µ2

f

µ2
r

)

+ α3
s(µ

2
r)C

(3)
(

x,
Q2

µ2
f

,
µ2

f

µ2
r

)

+ · · · (2.66)

	G,'��56
��non-singlet����&���	&��+'����
!4��N�[4]���!"�,!
singlet���������scale
�P�	%�


NNLO�����x ' 0.2

����αs = 0.2
�

2�	��.,!&�&.�����P (2)
qq , P

(2)
qg , P

(2)
gg
��

small-x
	%&'��.
x ln(1/x)
�
��,
��	��&.Z"W.�

.,!�O���7	����small-x��x ' 10−3	%&'�scale
�P

��567	�T,#���&,(/2.7
��

)!small-x��T,,��f��2�
!

/2.7: DIS-process
	GZ


HERA
��-.

kinematic region

���������8β�����7	MS
�T��G��

factorization

scheme
���!"
!&�&�������	G,'�d	G�.7"
�����factorization scheme
�&',+��DIS-scheme
�������
�&�4�lMS-scheme,�.�
����
!����

��T�&'�

scheme��.	0,'��7	9�
��	�
!.Gc	µ2
r = µ2

f = Q2

��=�
!���S9���#	DIS-scheme�����

c̃(l)q ≡ c̃(l)g = 0, l ≥ 1 (2.67)

�.7�"#����F2,S(x,Q2) = Σ̃(x,Q2)
��V�"
!���DIS-

scheme
	�+'��!"�
�tilde
� �7���	�
!3�����

�
µ2

r = µ2
f

�T�
C = c(0)(x) +

3
∑

l=1

αl
s

(

c(l)(x) +
l
∑

m=1

c(l,m)(x)lnmQ2

µ2
f

)

+ · · · (2.68)
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%<�

singlet��������#	���
�����
!

q̃ ≡

(

Σ̃

g̃

)

=
(

1 +
∑

l=1

αl
s

(

c
(l)
q (x) c

(l)
g (x)

−c(l)q (x) −c(l)g (x)

)

)

⊗

(

Σ

g

)

≡ Z ⊗ q

(2.69)

�����6��������/0��	���
!�������T���

moment���N	%&'�����]�!

Σ̃(N) + g̃(N) = Σ(N) + g(N) (2.70)

����

a(N) ≡

∫ 1

0

dxxN−1a(x) (2.71)

��
	�N = 2�������������7.,�#	(2.56)
��-&�


T�N	%�
���S��D&��	� $�
�#.���]&�!�����̃q	%�
Altarelli -Parisi����(2.69)
����b����"
!

P̃ =
(

Z ⊗ P + β
dZ

dαs

)

⊗ Z−1 (2.72)

scheme
�.	�


splitting function���������e�
	-"',
!3�αs�
����V"W��	7�
�#	�scheme
�.	��!"


����
Z�56�splitting function P�56�T_��,���7�
!
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�
3�Small-x
���

DIS

������	
��
�momentum scale Q2��	.�������������
������ !"#$
%�&'()*�+,�--���./ /�momentum scale
�012.34�αs

��	2.5��6�78.
9.Regge
�6��:9;<=>�?�&@6$AB�C--���,D8!3�9
�QCDE�
FG'HIJKLM�NO$"#P
QR9
�6ST���.+��6��Q2 ' 0 ∼ 2000GeV2
U���!V�small-x�data



W/��XY'Z[�9�[5].\���]̂+��6ST'_̀/�a/�

QCD
�b���
Regge
�6'cd*�� ef*�.]
�hadronic

cross-section�ghijkl��L�m9,/�CGC�no'p5q[�rs
a�dt6u�v>'��92.

3.1 Reggew
x
&@yO��2z!3�9���
�JKLM�{|}~��Legendre��T
��~����.+3't-channel�%�$��(t > 4m2, s < 0, u < 0)�~�*34�

A(ν, t, Q2) =

∞
∑

l=0

(2l + 1)Al(t, Q
2)Pl(cos θt) (3.1)

++�
x = Q2/2ν
��5

ν
��T
/
��.

cos θt = −
ν − 1

4 t
√

( 1
4 t+Q2)(1

4 t−m2)
(3.2)

9]�JKLM'���Nl��N,��/�(3.1)
'

Cauchy���'�����
l�������|�d�4(Sommerfeld-Watson
��

)�

Al(ν, t, Q
2) =

1

2i

∫

C

(2l + 1)Pl(− cos θt)

sinπl
a(l, t, Q2) (3.3)

*���
l, α
���N��� !����'t < 0, s > 0u��/����P���3̂�s-channelu�"#��'-�
/�9�.++��|�C�� ,¡�¢N��'£¤¥3.1����¦���5�1/sin πl�§N�
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¥
3.1:
��

l��
����|�C

(−1)l/π
���+,
��*�.]
Al(t, Q2) ≡ a(l, t, Q2)
�
l → ∞
��

damp
/�Re l > N(t)
����P'H
̂�/ ���l������	q�
$��P'�I�N,*�.���|
� !�small-x

�����

�N
F2
u����
$���,�����
019+,�� �!3�9
�

[5].+�,	�|�'¥3.1(a)
 !

(b)u��1�34�Re∃l > N(t)
���

��'���+,
��.a/�Pl(cos θt)�P���2� ��9�
��¦�
C
��Re l > −1/2
����5���P��9+,����.a(l, t, Q2)�

l = α(t)

�'H�4�

a(l, t, Q2) ∼
β(Q2, t)

l− α(t)
(3.4)

+�,	�|�u� �����
πβ(Q2, t)Pα(t)(cos θt)

sinπα(t)
(3.5)

9]�| cos θt| → ∞
�/
���(3.2)
�5

s→ ∞
,���+3�!�"J

K
t ∼ 0

Wv*�

)�,	�#$�Pl(z) ∼ zl
'�84%O���5JK&

���()�	��

σtot =
ImA(s(ν,Q2), t = 0)

s
= sα(0)−1 (3.6)

V8
���N
F2
�'($L�m9�� �.

F2(x,Q
2) ∼ f(Q2)x1−α(0) (3.7)

++��N
f(Q2)

����&$�)*��Regge
�6 !�+�+,��

	�9.+3�large-Q2
�9��Altarelli-Parisi
",T
-��.~�A

B13�.*�����l��
����P�Q2
�����!�9,9
�+,�

Regge
�6�/0���.1���1
¦�C�92I ��'�
���9�+,'D2*34(3.7)
��

F2(x,Q
2) ∼

2
∑

i=0

fi(Q
2)x−εi (3.8)
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ghijkl��JK&���L�m9��ρ, ω, f�b����(reggeon),�+3
pomeron
���'���834*����v'��cd�	�.

ε0, ε1, ε2
�a3�3E���'H��pomeron
����

flavour-singlet(quark

sea)�reggeon
�

flavour-nonsinglet(valence quark)
,"��	��a3�3�b3�b���Nu��/�9�� �	
����.

ε0 ≈ 0.4 (hard pomeron exchange)

ε1 ≈ 0.08 (soft pomeron exchange)

ε2 ≈ −0.45 (ρ, ω, f, · · · exchange) (3.9)

���N�
small-x
��Q2���,,�
q
*����Altarelli-Parisi
"

,T
���AB13���$.~
����	F+13�.+�,	Regge�6��hadron scale 1GeV2�((���78�9��)��a���$.~
W*�
starting-distribution
'�8�.��F2
�

small-x
��QCD���,��*�+,�2

lnQ2
,,�
�S
q
*�

[6].

3.2 QCD�
��������
����

� ���	
��

x → 0������ghijkl
���JK&���L�m9�Regge
�6
���#$R�!3�.+�!"�hadron

scale�Q2 ∼ 1GeV2��|#�N
Wv/������'p57��9�.
E$� ���92I �(%������6
QR9
|#�N�small-x��L�m9'&6*�.

3.2.1'()*+Q2 → ∞, x → 0

Q2 → ∞, x → 0�'($�����,�Altarelli-Parisi
",T !|#

�N�L�m9'-�*�+,�-����.+�0 ���Altarelli-Parisi
",T�leading-logarithmic order�"'.��.+3�double-leading-

logarithm approximation (DLLA)
,/�z!3�9�.+���
Wv*�

x-Q2��'(¥3.2)

/*.
��

(2.54)
 !� ���
�x→ 0
��|#�N�anomalous dimension

γ(j)�j → 1
�(�L�m9
���0113�small-x
��|#�N�.

~
�	2��*�.9]23�
�
�(2.53)

�9�

gluon
|#�N�

.~��'D8�.

t
∂

∂t
g(j, t) =

αs(t)

2π
γ(0)

gg (j)g(j, t) (3.10)

N
'

colour�N,/�(2.54)
�5�
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¥
3.2: 1/x-Q2��

γ(0)
gg (j) ≈

2N

j − 1
(3.11)

+�������,�
�|",T�"���|#�N�moment
��

g(j, t) = g(j, t0) exp
( ξ

j − 1

)

(3.12)

++�
ξ
'����
��/
.

ξ =
N

π

∫ t

t0

dt′

t′
αs(t

′) =
N

πb
ln
( ln t/Λ2

ln t0/Λ2

)

αs(Q
2) =

1

b lnQ2/Λ2
(3.13)

�
Mellin
��'��/�

x-space

�34�

xg(x, t) =
1

2πi

∫

dj x−(j−1)g(j, t)

≡
1

2πi

∫

dj g(j, t0) exp[f(j)] (3.14)

++�
f
��

f(j) = (j − 1)Y +
ξ

j − 1
, Y ≡ ln

1

x
(3.15)

9]D8�9�����
Y, ξ
�'($
�	��'HI����|'���

(%*34�

f(j) = 2
√

ξY + O(j − j0)
2 , j0 = 1 +

√

ξ

Y
(3.16)
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*���'("��
xg(x, t) = g(j0, t0) exp(2

√

ξY ) (3.17)

�N'�
�/��

g(x, µ2) ∼
1

x
exp

√

4N

πb
ln

ln µ2/Λ2

ln µ0
2/Λ2

ln
1

x
, b =

(33 − 2Nf )

12π
(3.18)

|#�N��starting distribution g(j0)(
*���

j = j0�,	�g�mo-

ment)

�����P'H��]
q�����starting distribution

�
x→ 0�:9��P'HI,	
���/�9�+,
��*�.,2
starting

distribution
�:2

steep
���,	�+3�%�$
��small-x

���

��$�|#�N�q
'�	F+*��|�	���&'H�
gluon
�

��	�
/�9,9�+,���.
small-x

���

gluon distribution�q
�(3.18)
 !�"�	���a

� ��������NF2

�
x−λ�L�m�+,���.
,84�αs ∼ 0.2

�,	λ ≈ 0.5
�����+3�� ��8!3
hard pomeron exchange !���
Wv*�.¥3.3
�

fixed Q2

W*�

λ�����[7].

¥
3.3: fixed Q2,x < 0.1
��F2 ∼ x−λ

����N

λ���[7]

3.2.2 BFKL
��
�0 �&6��1/x,Q2
��
�	���'HI,	
�1�/9.*����DLLA
�

leading power (αs ln(1/x) lnQ2)n
W*�����5�
gluon
|#�N�

ln(1/x)�x → 0

��

single-log�power
�59�a�
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�2q
*�.¤��Altarelli-Parisi
",T�

multigluon emission

#*

�
lnQ2�single-log

�
�

leading power���
Wv/�9�+,���]���9.
�"HERA
���small-x
��Q2����]5�	2�9
��lnQ2 �

ln(1/x)

Wv*�

resummation
'D8������.+�,	JK&��

u� �����single-log�(αs ln 1/x)n
��leading term
 !���9

�
(
¥

2.7).�! 
Altarelli-Parisi
",T��+���'p57��
��1�/2�9.+�resummation
'�d*���BFKL
",T,	43�

�����.%�$
��+3!leading log�
¡��strong-ordered gluon

ladder
 !���,D8�+,��	�(¥3.4).*���(αs lnQ2)n�

single-log
��

∫ Q2

dk2
T,n

k2
T,n

· · ·

∫ k2
T,3 dk2

T,2

k2
T,2

∫ k2
T,2 dk2

T,1

k2
T,1

∼
[lnQ2]n

n!
(3.19)


FG'HI.V8
Altarelli-Parisi
",T��parton transverse momen-

tum kT,i
�strong-ordering
'��*��
W/��BFKL
",T��+�

ordering
��|��13�longitudinal momentum xi



strong-ordering
'

HI.*����
DGLAP: x = xn < xn−1 < ... < x1 , Q2 = k2

T,n � k2
T,n−1 � ...� kT,1

BFKL: x = xn � xn−1 � ...� x1 , No ordering in kT

Eq�!"'�]8��+�0 ��BFKL
",T'���� !�
*�

[8].9]���&�a3�3�k1�k2, ..., kn+1��quark�n��gluon
����

¥
3.4: DIS

���

gluon ladder diagram
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k0 = p− k1 − ...�antiquark
 !X����&p'HIquarkonium(heavy

quark-antiquark
W�bound state)�}��Nψ(n)
'D8�.

¥
3.5: qq̄g

W*�

Feynman diagram

¥
3.5

����d13��0-gluon
,

1-gluon�}��N�Feynman diagram
�������	 !�
ψ(1)(k1, k2) ∼ gtA

[

ψ(0)(k1 + k2)
k1 · ε2
k1 · k2

− ψ(0)(k1)
k0 · ε2
k0 · k2

]

(3.20)

E������>9
light-cone�AB'7�+,
*�.
ki = xip+ yin+ kTi , εi = ωin + εTi (3.21)

++��p = (P, 0, 0, P ) , n = (1/(2P ), 0, 0, 1/(2P )) , kT = (0, kx, ky, 0)
��

�.,2
quarkonium��&����	�+,
��*�.on-shell��

|ki|2 = 0
���

free gluon field
��"����/ H
�9(ki · εi = 0)���kT = (0,k, 0) ≡ (0, kx, ky, 0), εT = (0, ε, 0) ≡ (0, εx, εy, 0)
,	9��

yi =
ki

2

2xi
, ωi =

ki · εi
xi

(3.22)

+�,	x2 � x1, (1 − x1)�(%(soft gluon)���(3.20)
��

ψ(1)(x1,k1, x2,k2) ∼ 2gtA[ψ(0)(x1,k1 + k2) − ψ(0)(x1,k1)]
k2 · ε2

k2
2 (3.23)

1��(3.23)
'23
*�
�����
�ki
 !

(impact parameter) bi-

spaceuFourier
��'��.

ψ̃(n−1)(x1, b1...xn, bn)

∫ n
∏

i=1

d2ki

(2π)2
eiki·biψ(n−1)(x1,k1...xn,kn) (3.24)

+�/��
�()���
ψ̃(1)(x1, b1, x2, b2) =

ig

π
tAψ̃(0)(x1, b1)

(b21

b221
−

b20

b220

)

· ε2 (3.25)

++��bij = bi − bj (b0 = 0)
,�9
.V8
�2�/�colour
���

polarization

I9���',34�

|ψ̃(1)|2 = 4CF
αs

π
|ψ̃(0)|2

b210
b220b

2
21

(3.26)
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+�,	E����'>9
.
1

b221
+

1

b220
− 2

b21 · b20

b221b
2
20

=
b210

b220b
2
21

(3.27)

Eq�����inclusive gluon
|#�Ñ

G(x, b210;x1)�lnx��P'()*�.++�inclusive,����13
*���gluon

�
���'

,�+,'��*�.Altarelli-Parisi
",T

(
|#�N�Q2
.~

)
'�
/


,	,��"����ÑG
W*��|",T'��*�.1��quark momentum fraction
�
δx1�
���/
,	�̃G��	�δG̃
I9�D8�.(¥3.6)
�+�
�'�T$
d/�9�.�
�dipole

b10

�
b20

,
b21

�	����9���� �.+�,	�gluon
��
�

��
�
phase space
�d3� !�

δG̃(x, b210;x1) = 2N
αs

π

δx1

2x1

∫

d2b2

2π

b210
b220b

2
21

×[G̃(x, b221;x1) + G̃(x, b220;x1) − G̃(x, b210;x1)](3.28)

¥
3.6: 2-gluon���

�"�longitudinal boost invariance
�+3�

rapidity
���&"��Lorentz��
W/��N���	*�+,�I]5a���C����+,,��

�����	�5�̃G�x/x1
��N,/�	��.

x
∂G̃

∂x
= −x1

∂G̃

∂x1
(3.29)

+�/�
BFKL
",T�+!3�.

x
∂

∂x
G̃(x, b210) = −

Nαs

2π2

∫

d2b2
b210

b220b
2
21

×[G̃(x, b221;x1) + G̃(x, b220;x1) − G̃(x, b210;x1)](3.30)

,2

(3.30)
��kT
�strong ordering
'�*,	�Altarelli-Parisi���

(3.18)
'cd*�+,
��*�.+3����kT
�strong ordering
'
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impact parameter�strong ordering
,�� 8�+,�cd�	�.+3�%�$
��2-gluon
�

quark�(�
�
/�9� �]
�untiquark
�(�
�
*� �9̂3 
Wv*�.*���(3.30)

��b221 � b210�
b220 ' b210
]
��b220 � b210�b221 ' b210
�(%����

x
∂

∂x
G̃(x, b210) ∼ −

Nαs

2π

[

∫ b210 db221
b221

G̃(x, b221) +

∫ b210 db220
b220

G̃(x, b220)
]

(3.31)

+�/��
b2

∂

∂b2
x
∂

∂x
G̃(x, b2) ∼ −

Nαs

π
G̃(x, b2) (3.32)

+�",T�"�small-x�'($(%����

G̃(x, b2) ∼ G̃(x0, b0
2) exp

√

4Nαs

π
ln
x0

x
ln
b0

2

b2
(3.33)

*����+3'fixed-αs

,/��8
��(3.18)
��5�small-x
�

exp
√

ln 1/x,/���Lm9�cd13
.1��+�0 ����B�
��
����,+�small-x
���kT (or b2)


strong ordering
��!�9.gluon
|#�Nu�small-x
�������

�
leading-log
���(αs ln 1/x)n !���9�.E$�(3.30)

�5�q

�b
W*�ordering
'p5��
,	�|#�N�b���
�13� ��92+,
*�.]̂�(3.30)
'79	*9S
*�
��φ�|�0 < φ < 2π
	�E����
�8!3�+,
��*�.

∫

d2b2

b221
=

∫

b20db20dφ

b220 + b210 − 2b20b10 cosφ
= π

∫ ∞

0

db220
|b220 − b210|

(3.34)

++�
parameter u
'E����
��*�.

b220 = ub2 when b220 < b2

b220 = b2/u when b220 > b2 (3.35)

++��b210 = b2
,�9
.+�/�(3.30)
�(%$
�

x
∂

∂x
G̃(x, b2) = −

Nαs

π

∫ 1

0

du

1 − u
[G̃(x, ub2)/u+ G̃(x, b2/u) − 2G̃(x, b2)](3.36)

|#�Ñ
G
��Mellin
�� !��$
��*�+,�
	�.*����

G̃(x, b2) =

∫ 1
2
+i∞

1
2
−i∞

dγ

2πi
(b2)γĜ(x, γ) (3.37)

++�̂
G
�����
�8!3���+3'(3.37)


�/c�

Mellin
��

���'L5�34�(3.36)
'cd*�+,�23
� ��+,�
	�.

x
∂Ĝ

∂x
= −ᾱsĜ

∫ 1

0

du

1 − u
(uγ−1 + u−γ − 2) ≡ −ᾱsĜχ(γ) (3.38)
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+��|",T�,�
"���
Ĝ(x, γ) = Ĝ(x0, γ)

(x0

x

)ᾱsχ(γ)

(3.39)

++��̄αs = Nαs/π�χ�Lipatov characteristic function,	43�9�.

χ(γ) =

∫ 1

0

u

1 − u
(uγ−1 + u−γ − 2) = 2ψ(1)− ψ(γ) − ψ(1 − γ) (3.40)

]
�ψ�digamma function
���.

ψ(z) = Γ′(z)/Γ(z) (3.41)

"
(3.39)
'

(3.37)


�*�+,��

G̃(x, b2) =

∫

dγ

2πi
Ĝ(x0, γ) exp[γ ln b2 + ᾱsχ(γ) ln(x0/x)] (3.42)

+��|��lnx0/x
��	9
���

γ = γs
�(%�	�.*����

G̃(x, b2) ∼

∫

dγ

2πi
Ĝ(x0, γs) exp[φ(γs) +

1

2
φ′′(γs)(γ − γs)

2]

=
1

√

2πφ′′(γs)
Ĝ(x0, γs) expφ(γs) (3.43)

++�
φ
�����/
.

φ(γ) = γ ln b2 + ᾱsχ(γ) ln(x0/x) i.e.

φ′(γs) = ln b2 + ᾱsχ
′(γs) ln(x0/x) = 0 (3.44)

¥
3.7
��Lipatov characteristic function�eS���(���next-leading).

χ′(1/2) = 0�
 !�x→ 0�,	γs → 1/2
,�!��34�!�9.+�/�

small-x
��̃G(x, b2)
��

G̃(x, b2) ∼
1

√

2πφ′′( 1
2)

Ĝ(x0, 1/2) exp[φ(1/2)] ∝ bx−λ (3.45)

++��
λ = αsχ(1/2) = 4N ln 2

αs

π
(3.46)

r�$
�inclusive gluon
|#�N��Fourier
��
���kT

2��N,
/��

G(x, k2
T ) =

∫

d2bie
−iki·bi G̃(x, b2) ∝

1
√

k2
T

x−λ (3.47)

+�/�|#�N�
χ�r0�,/�-�13��x���.~*�+,�� �.+���̄αs ' αs = 0.2
�
' 10GeV
	�,	����a0.5��
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¥
3.7: Lipatov characteristic function

�.¥3.3
 !� ���
�! 
+����	*��./ /�+3�

next-leading αs(αs ln 1/x)n
]��(%��
*�+,�� ��9�[9].
���BFKL
���()��� !92I �C�P'£��9�������,��*������9.�"�Altarelli-Parisi�AB��E�
�

small-x
]�

data
,�9��'���9���+3�BFKL
�AB13���!V���'cd/�9� b� �	*�+,��/9.

3.3 Gluon saturation
� ]����QCD
��b���
small-x
��|#�N�
��q


'��*�� ��	
./ /��!��! 
x−λ
��|#�N�q

�����2�2�����9.a3��unitarity�/�'��+,
�� !���.+3���QCD�small-x

#*��o�
I,/�z!

3�9�.+3!��o'"-*����Colour Glass Condensate(CGC)���.+� �����[11]

QR9�

CGC��6$AB'_̀*�.

3.3.1 BFKL��gluon saturation�
+�0 ���s���,/��Q\$�",T�����,�D8��	�o�'�! 
*�.1��+3]�����PJK�AB��hadron
���
�	���&

'HI
Lorentz frame (infinit momentum frame)

QR9�9
.++��

collision process����frame

��*�+,
��/
9.9]�+�

process
'

hadron�rest frame
�D8����.+�,	virtual photon γ∗�

collision
�F+��
�quark-antiquark pair
,/�V!9�9�.a/�+�colour dipole

��hadron
 !JK13�+,
��.�"�V!�
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�����;<=>*�parton�longitudinal momentum (Bjorken-x)�
���a�N��8!3�
��small-x�parton
'p57�
�����

9.]
���dipole�transverse size r⊥ (r⊥ = x⊥ − y⊥�x⊥:quark�y⊥:

antiquark)
���
V�25,�	*���,/(frozen dipole)�1!
��$�79'�*
��dipole
��|
019

(Q2 ≡ 1/r2⊥ � Λ2
QCD)
,�

�*�.��]��&6(hadron�infinit momentum frame)
'�+�dipole frame
v>*�
��virtual photon γ∗
�JKE�
��|�virtuality
'H��

9�,D834�9
(
¥

3.8).+�,	�DIS cross-section
�

dipole- hadron
�JKLMNτ (r⊥)
,#$R��+,��	�

[12]�

Nτ (r⊥) ' r2⊥
π2αsCF

N2 − 1

xg(x, 1/r2⊥)

πR2
(3.48)

++�
τ(≡ ln 1/x)
��γ∗,hadron�rapidity gap
��5�xg(x,Q2)/πR2

��3�transverse area�
5�gluon�N���.]
�gluon density
�

transverse��������,��/�9�.

¥
3.8: DIS in the dipole frame

�0 �5�longitudinal momentum fraction x
'H�
gluon�N�leading-

log�(%��
dNgluon

dτ
≡ xg(x,Q2) ∼ x−ωᾱs (3.49)

++�
ω = 4 ln 2
���.,+���ladder�*���gluon (
¥

3.4)
�	/

9
order Q�transverse momentum
'H��9�,��*�,��ω��5
��p579��	�

[10].+3�%�$
������
D834�9.
BFKL

��transverse momentum



ordering
��!�9
��small-x�

ordering

������parton
��kT
�random walk (diffusion)
'�


!/�9�,"��	�.+�random walk��
M'Q,/���*������.(
�/�+��
M��s��	2��
I3�������
��+,
��*�.+�/��JK�Wt
��gluon
��
,8b�
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�
�	�
transverse scale
'H��9
,/�����high energy
�� 

!�����
78�2��.)+�,	�
xg(x,Q2)

πR2

∣

∣

∣

BFKL
'
√

Q2
0Q

2 exp
{

ωᾱsτ −
1

2βᾱsτ

(

ln
Q2

Q2
0

)2}

(3.50)

++�
Q2

0

�
ΛQCD
�order
'HI

reference scale
��5�β�β ≈ 33.67,/�z!3�9�.(3.50)
��a���,/�leading-log�(%���,/�d3��2I���'���9�(small-x problem).a3��

(a)Violation of unitarity bound :
ghijkl���hadronic cross-section�

gluon
|#�N
��*�

(3.48).a�,	(3.50)
��σtot(s) ∼ sωᾱs

u�2��+3�Froissart bound σtot(s) ≤ σ0 ln2 s
'��.

(b)Infrared diffusion: s
��*
I3��ladder��gluon
����9�

transverse momentum
�������Q2 ∼ Λ2

QCD
u����V	���~�����	�2��.

1��+3]�����13
gluon
���	@,/�Lm���,��

/�	
./ /��!�
�gluon cascade
 !������rapidity
'

H�
gluon��;<=>�
,/��
/�9�(¥3.9).a����;<=>��gluon density
��	2��
I3����	�9�������
�.

¥
3.9: gluon recombination

+�����n'gluon density
,/�����
����+,��	�.

σ(Q2) · n(x,Q2) ∼
αsN

Q2
·

1

N2 − 1

xg(x,Q2)

πR2
(3.51)

++��@
αsN/Q

2��gluon-gluon cross-section
��σgg ∼ αs/Q

2��2
 !���.+��
��O(1)

(R2

Q2���*���Q2
s (saturation

momentum)
��

Q2
s(τ) '

αsN

N2 − 1

xg(x,Q2)

πR2
(3.52)

�9�834�Q2 � Q2
s
�,	
��(3.51)�����|���	��-	
�(%
��BFKL
",T'�>�	�.,2
�(3.52)



(3.50)
'
�*
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�+,�
saturation scale
'����+,��	�.*����

Q2
s(τ) = Q2

0e
c ¯αsτ , c ' 4.84 (3.53)

+�/��Q2 < Q2
s
�,	
��τ�.~*�gluon
|#�N��a�.~���13�,���	�.(3.52)
��CGC

W*�

effective theory

��

�/�13�9�
[13].\6��a���
��3�9��+3
��,.~",T�����
AB13�.

∂Nτ

∂τ
= ᾱsKBFKL ⊗Nτ − ᾱsNτ ⊗Nτ (3.54)

*���
(3.52)
��hadron
}��N�����84�non- linear�����9�2�

scale
���.�W
�Q2 � Q2

s
�,	
��
�B�
��
�+�������	�-	�BFKL
",T'cd*�.1!
�@�	

A��@

W/���xG(x,Q2
s) ∝ A�πR2

A ∝ A2/3
�5�

Q2
s(x,A) ∼ Aδx−λ , δ ≈ 1/3 , λ ≈ cᾱs (3.55)

+3���@�	��	2�]
�	�energy (small-x)������sat-

uration momentum Q2
s

��	2
(Q2

s(x,A) � Λ2
QCD)
��+,����	

�.+������������6���
�>�	�.���RHIC

�

��
heavy ion collision
���+����

13�9�.¥3.10
��+�,	�!3���$�

rapidity
|#���.������a3�3�leading

-particle
,

produced-particle
'd/�9�.,2
s���parton�rapid-

ity
|#'��/�9�+,
��*�.a/��¥3.11
�����
energy
���

rapidity
|#'

y− yproj
��N,/�prot
/
�����.9]�

yproj − y ≈ ln 1/x
��� !�¥3.11
�¡


produced-particle�rapidity|#�
x����N
���9�.,5��+�������+������B�


BFKL�ordering

��/�9+,���p3�.

¥
3.10: particle production in heavy ion collisions
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¥
3.11: rapidity distribution at RHIC

3.3.2 Froissart bound�dipole-hadron��
�0 ���dipole-hadron�JKLM�small-x
�b���
��13�

� '��	
.+�0 ���+�process

���

total cross-section�
s→ ∞

��'($��'���.1��total cross-section
��impact parameter b⊥ (= (x⊥ + y⊥)/2)

�


���|'��*�+,�+!3� !(¥3.12)�

σtot(τ, r⊥) = 2

∫

d2b⊥Nτ (r⊥, b⊥) (3.56)

¥
3.12: longitudinal(�)�transverse(
�

)-�� !�
dipole-hadron
JK

(3.56)

I9�&6*�	����2I���.(i) fixed b⊥
��τ
#*�JKLM�q
�(ii) b⊥���
��JKLM��
.�*�
(i)��{|}

Nτ (r⊥, b⊥)
�

unitarity bound
'!8!3�9,9��o
#$/�(ii)��strong interaction����	�
����+,�*���confinement

��o
#$*�.(i) !��9+�.(3.52)
���/


saturation scale
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Q2
s

'��*�,	�JKLMNτ
�r⊥
W*�L�m9�N�$
��13�9�.r⊥ � 1/Q2

s(τ, b⊥)�r⊥ � 1/Q2
s(τ, b⊥)�,	a3�3[15]�

Nτ (r⊥, b⊥) ' 1 − exp
{

− r2⊥
π2αsCF

N2 − 1
xg(x, 1/r2⊥, b

2
⊥)
}

(3.57)

Nτ (r⊥, b⊥) ≈ 1 − exp
{

−
1

2c

(

lnQ2
s(τ, b⊥)r2⊥

)2
}

(3.58)

¥
3.13
 !��! ���
�Nτ
�

unitarize
13�9���� �.*����τ���
����Q2

s

���/
resolution scale Q2 ≡ 1/r2⊥
'q��.,�$
���	�r⊥���5���
�
��hadron
�(�gluon
'�

9�9�,�"�	�.�"�unitarity limit: Nτ (r⊥, b⊥) ' 1

�*34�a3Eq�energy

��
��LM�������!3�2��.+3����b
dipole
�

hadron

	�13
+,
Wv*�.

¥
3.13: τ�����
���r⊥
W*�JKLM

1��strong interaction
�(�	;<=>'*�
��gluon density
�

hadron�
��((black disk)
��	9,D8�+,��	�.+�black

disk
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���

cross section�L�m9��*�.9]�black disk radius:R(τ,Q2)
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Nτ (Q2, b⊥) ∼ 1 for b ≤ R(τ,Q2) (3.59)

or, Q2
s(τ, b⊥) = Q2 for b = R(τ,Q2) (3.60)
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���JKLM�τ -evolution
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π )
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�

(mπ
�
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���

)���LM��
Nτ (Q2, b⊥) ∝ e−2mπb for b−R(τ,Q2) > 1/2mπ (3.61)
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factorize
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Nτ (Q2, b⊥)

∣

∣

∣
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' Nτ (Q2)

∣

∣

∣
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' exp
{
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1
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(3.63)
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���total cross-section
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π

2
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τ (3.66)
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(3.64)�(3.66)
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s(τ)) + cᾱsτ (3.69)
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, λs ≈ 0.64 (3.70)
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